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CONDITIONAL WEGNER ESTIMATE FOR THE STANDARD 
RANDOM BREATHER POTENTIAL 

MATTHIAS TAUFER AND IVAN VESELIC 


Abstract. We prove a conditional Wegner estimate for Schrodinger oper¬ 
ators with random potentials of breather type. More precisely, we reduce the 
proof of the Wegner estimate to a scale free unique continuation principle. 
The relevance of such unique continuation principles has been emphasized 
in previous papers, in particular in recent years. 

We consider the standard breather model, meaning that the single site 
potential is the characteristic function of a ball or a cube. While our meth¬ 
ods work for a substantially larger class of random breather potentials, we 
discuss in this particular paper only the standard model in order to make 
the arguments and ideas easily accessible. 


1. Introduction 

A Wegner estimate is an upper bound on the expected number of eigenvalues 
in a prescribed energy interval of a finite box Hamiltonian. The expectation 
here refers to the potential which is random. Wegner estimates have been de¬ 
rived for Hamiltonians living on or more precisely on bounded subsets 
of rectangular shape of these spaces. In the present note we do not put empha¬ 
sis on presenting the history of various variants of the Wegner estimate, but 
rather refer to the monograph [18] and recent papers [T^, and [9]. Here we 
will be only interested in models on continuum space The most studied 
example in this situation is the so called alloy-type potential, sometimes also 
called continuum Anderson model. A particular feature of this model is that 
randomness enters the model via a countable number of random variables, and 
these r.v. influence the potential in a linear way. In the model we study here 
this dependence is no longer linear, but becomes non-linear. What remains, is 
the monotone dependence of the potential on the r.v. The topic of the present 
note is to explain, how to effectively use this monotonicity. This only works if it 
is possible to cast the monotonicity in a quantitative form. With this respect we 
consider the study of the random breather model as paradigmatic for a better 
understanding of random Schrodinger operators with non-linear randomness. 

Key words and phrases, random potential, standard random breather potential, 
Schrodinger operators, Wegner estimate, 
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Note that in the case that one aims to establish a Wegner estimate only in an 
energy region near the bottom of the spectrum, it is possible to overcome the 
monotonicity assumption. A paradigmatic example is the random displacement 
model, cf. m- However let us clarify that any Wegner estimate proven so far 
uses at least one of the following properties 

(a) The space dimension is one. 

(b) The random potential has a quantitative monotonicity property. 

(c) One restricts attention to an energy region near the spectral bottom (or 
some other spectral edge, however this requires again extra assumptions, 
like small disorder). 

A strategy to prove Wegner estimates without relying on any of the above prop¬ 
erties seems to require a truly probabilistic approach, rather than an analyitic 
one, like averaging just over a finite number of random variables. 

To our best knowledge random breather potentials have been first considered 
in the mathematical physics literature in the work [2]. A Wegner estimate for 
the random breather model was derived in [3] and a Lifschitz tail bound, yielding 
localization, in [8]. However, all these papers have a condition on the gradient 
of the single site potential, arising from a linearization. Unfortunately, this 
excludes the most elementary single site potential, namely the characteristic 
function of a ball or a cube. A simple situation where this was overcome is 
treated in m where a Lifschitz bound was proven. Actually this proof extends 
to very general breather models, as will be explained in m- 

The aim of this note is not to cover the most general types of random breather 
potentials, but to concentrate on the simplest case and provide full proofs and 
calculations accessible to non-specialists. For this purpose we spell out explicitly 
the theorems which we infer, rather than just giving references to earlier papers. 
Our proof starts from a scale free unique continuation principle (SFUCP). Such 
an estimate has recently been proven, for the case that the magnetic vector 
potential vanishes. It is announced in m and full proofs will be presented in 
|12j . which rely on Carleman estimates, interpolation inequalities and related 
PDF techniques. The proofs in this note are more probabilistic in nature. 

1.1. Wegner estimate for the random breather model. We prove a Weg¬ 
ner estimate. Theorem 11.31 for the Random Breather model. In the following, 
As(x) := X -I- {—s/2, s/2)'^ is the d-dimensional open cube of side length s > 0, 
centered at the point x 6 Br{x) denotes the open ball of radius r ^ 0 
around x e If x = 0, we omit the x and write A^ or B^. If the side length s 
is fixed, we simply write A. Let 0 ^ U- < uj+ <1/2 and let /r be a probability 
measure on M with bounded density and support in [a;_,a;+]. We define the 
probability space 

(H, A,P) = . 

Here, B is the Borel cr-algebra. For cj e H and j e we denote the projection 
onto the j-th coordinate of H by ujj. The {wjjjggd form a process of [a;_,a;+]- 
valued independent and identically distributed random variables on For 
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i, j 6 and <5 e M we define uj + 5 and a; + (Je* e by 


{(jj + 5)- := ujj + 5 for all j e 


(w + Sci)- := 


UJn 


UJn 


\i j = i 
if j i. 


Definition 1.1. We consider a nonnegative and self-adjoint magnetic Schrodinger 
operator with vector potential A e 

HA.= {-iV-Af 

on L^(]R'^). We define a random potential by 

(1) y^{x) ■■= Yj XB^.{x - j) or 

jeZ'^ 

(2) K;(a^) := 2 - j) 

jeZ^- 

and define the corresponding random operator := Ha + K;- In both cases 
we call the standard random breather model. For L e Nodd = {1,3,...} we 
define the restriction of to with Dirichlet boundary conditions and 
the restriction of the potential Vi^^l : —> M. 


Definition 1.2. Let <5 e (0, 1/2). A sequence {xj]j^j^d is called 5-equidistributed 
if for every j e we have Bs{xj) a Ai{j). For such a sequence and L e Nodd, 
we define Ws^l : A^, ^ C as the characteristic function of IJjGZ'* ^sixj) n A/,. 

We formulate a scale free quantitative unique continuation property, which 
the random operator may or may not have. Denote by the spectral 

projector of onto an interval I. 


Hypothesis (SFUCP). Given 6 e M there are M ^ 1, k ^ 1 such that for all 
L e Nodd, almost all cu e D and for all 0 < <5 < 1/2 — a;+ we have 

Inequality ([3]) is understood in the sense of quadratic forms. 


Theorem 1.3 (Wegner estimate for the Random Breather model). Assume 
that the standard random breather model satisfies hypothesis SFUCP. Let 6 e M. 
Then there are constants C = C{d,b) e (0,oo), emax = emax(«^, Af, u;+) e (0,oo) 
such that for all L e Nodd, all 0 < e ^ emax, E e M. with [E — e,E + e] c 
(— 00 , 6—1] we have 

(4) E[TT[xiE-e,E+e]{H^,L)]] ^ C \lnefL‘^. 

Emax can be chosen as 

K (l/2-0J+\^ 
emax - ^ ^ j ■ 

Remark 1.4. (i) We can give an explicit bound on the constant C , namely 

C ^ 2 • 32‘^(2e'’• (d-t 1)!-t 2'^). 
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(ii) The llnel*^ term can be hidden by choosing a slightly smaller M < M and 
a different constant C > 0. Hiding also the factor ^4K“^||t'^||oo in this 
constant, we obtain a bound of the form 

E [Tr [xiE-s,E+s]iH.,L)]] ^ C ■ 

This implies local Hoelder continutity of the integrated density of states 
with the exponent 1/M as in [5] 

(iii) If SFUCP only holds for L e X Nodd then Theorem 11.31 holds for Lei. 


2. Estimates on the spectral shift function 


We infer here the estimates on the singular values of semingroup differences 
and the spectral shift function of two Schrodinger operators differing by a com¬ 
pactly supported potential obtained in [5]. We reduce the estimates to the 
particular, simple situation we are dealing with. The constants are calculated 
explicitly and more accurately than in [5]. We will be dealing here with a 
pair of operators: Hq = Ha + Vq with Vq non-negative and bounded, and 
Hi := Hq + V, with V non-negative, bounded, and supported in a cube Ai of 
sidelength one. Let A = be a cube of sidelength L e Nodd and call Hq and 
H^ the restrictions of Hq and Hi onto A with Dirichlet boundary conditions. 
Let 

V;»,. 

This is a compact operator and we will enumerate its singular values decreas- 
ingly by /ii ^ ^2 ^ ■••• Then we have the following Theorem: 

Theorem 2.1 (Theorem 1 from [5]). For n > Nq := 4'^, the singular values of 
Kff obey 

exp 



We start the proof with a lemma 


Lemma 2.2. Let H = Hq or Hi be as above and let H^ be the Dirichlet 
restriction of H to an open setlA with finite volume \L{\. Then the eigenvalue 
En of H^ satisfies 


(5) 




Proof. We have H^ ^ H^ where H^ is the Dirichlet restriction of Ha to U. 
Hence 

= r r dy 

HS J JuxU 

where || • ||hs denotes the Hilbert-Schmidt norm. The diamagnetic inequality for 
the Schrodinger semigroup, see [TJ Remark 1.2.iii] implies the pointwise bound 


Tr 






^ Tr 




e ^ 
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Using that the kernel of the Dirichlet semigroup is bounded by the free kernel, 
that is 

£|e”*^“(x,y)pd?/ ^ £|e"*'^(x,y)pdy = £(47rt)""'exp 

^ (87rt)-''/2£(27rt)-''/2exp dy = i87rt)-<^/\ 

see [T] for the boundedness by the free kernel and [3j Theorem 2.3.1. for the 
free kernel, we estimate 

l|e"*-^^llHS ^ |Z^|(87rt)-'^/2_ 

Thus 

Denote by J\f^{E) the number of eigenvalues of smaller or equal to E. We 
estimate using the above bound 

rE rCC 

M^{E) = dM^is) ^ e-2‘W"(s) 

J—00 J —00 

= e2'^TV(e-2*^“) ^ \U\ ■ (87rt)-‘^/2g2tE ^ |^| f ^ 

y zTra / 

where in the last equality t has been chosen. Since n ^ J\f^{En), this 

implies ([S]) . □ 

Proof of Theorem \2.1[ The nf^ singular value will be estimated by Dirichlet 
decoupling at a scale Rn which monotonously depends on n. Recall that 
supp(U) Q Ai(x) for some x e W^. Choose a large R = Rn > 2 to be specified 
later. Call {j = 0 or 1) the Dirichlet restriction of Hj onto A 2 R = (—R; R)'^ 
and let 

Ar := e~^^ - e~^o and Dr := - Ar. 

We apply Lemma 12.21 and find 

for j = 1,2. Since Ar is the difference of two nonnegative operators, its singular 
values obey the same bound: 

Tni^R) ^ yn{e~^^) ^ exp ■ 

If the operator Dr is bounded, then yn{Vj^) ^ yn{AR) + ||Dr||. Our goal is 
therefore to estimate the norm of Dr by using the Feynman-Kac formula for 
Schrodinger semigroups with Dirichlet boundary conditions, see [T] and |16j . 
Let Ea; and E^, denote the expectation and probability for a Brownian motion 
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bt, starting at x. Let t\ := inf{t > 0\bt ^ A} be the exit time from A and 
Tpi := inf{t > 0|6( ^ A 2 _r} be the exit time from A 2 _r. Then 


{DRf){x) = 


= E.t 


,-iSA{b) ( -^l{Vo + V){b, 




cl IX n 


X[TA>i]ib)X[ 


where 5yi(6) is the real valued stochastic process corresponding to the purely 
magnetic part of the Schrodinger operator. To be precise, in order to use the 
Feynman-Kac formula from m one needs divA = 0. Therefore we first choose 
the Coulomb gauge which implies divA = 0 and then use gauge invariance as 
in m for A 6 We take the modulus whence the magnetic part 

drops out and using furthermore that X[rA>i](^) ^ 1; we find 


\DRf\{x)^E, 




g-Sd 


- 1| • X[Ta^l]{b) • |/(6i)| 


Only Brownian paths which both visit supp(C) and leave Br within one unit of 
time contribute to the expectation. Thus, if Ty is the hitting time for supp(C) 
and 55 = {tr ^ l,ry ^ 1}, then 


\DRf\{x)^E^ 






1| • X^{b) • \ f{bi)\ 


Applying Holder’s inequality yields 


\Dnf\{x) ^ ( e , 




E., 


TdvffeAds _ 1|8 


N 1/8 


X (E, (Ex 0 /(^i)l']) 


2111/2 


Since V, Vq ^ 0, the hrst two terms are bounded by 1. 

Next, we estimate Ea;[x<B(6)] = Pj,(iB). Letting bt = {b[^\ ...,b[^^) e M'’* and 
calling := inf{t > 0\b[^'^ ^ (—r, r)} the exit time of the coordinate from 
the interval (—r,r), where we choose r := distjsupp V^M^r} ^ 3/2, we have 


PoK ^ 1] 



d 

^ 1 

/ = 1 



d-Po[T« ^ 1]. 


The projection onto the first coordinate of {bt) is a one-dimensional Brownian 
motion and by the reflection principle 

A A 

(6) Po[t,(^^ ^ 1] = 2Po[|6i ^ r] = — e~^^^‘^(lx ^ 

\ Stt j 'p \/Stt 

Recalling that r > 3/2, and hence ^ 2 we find 

PoK ^ 1] ^ 2d - 


Since every path in 55 must cover the distance r ^ 3/2 between supp(R) and 
the complement of A 2 R, we find Pa;[55] ^ d ■ e~'^ We assumed that R > 2, 
hence r ^ R — 1/2 ^ Rj^/2. Then Px[5S] ^ de~^ and 

\DRf\{x) ^ {EM{bi)\Y" = ^ {{e^\f\^){x))"^\ 
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Using the fact, that is an contraction 

WDnfh ^ ^ I^^Wfh- 

To balance between the two bounds obtained for Hn{Aii) and 1 |-D_r||, we choose 
R := and find 

IJ-niAn) ^ exp(-l/16 • 

\\Dn\\ ^ • exp(—1/16 • 

that is 

MnCKff) ^ + 1) • exp (-l/16n^/'^). 

We assumed R = > 2, thus this only works for 

n> No = d"*. 


□ 


Let now g 6 with compactly supported derivative. If g(Hi) — g(Ro) is 

trace class then there is a unique function ^(A, Hi,Ho) called the Lifshitz-Krein 
spectral shift function, such that 

(7) Tr[g{Hi)-g{Ho)] = J a>^,HuHo)dg{X). 

This is referred to as Krein’s trace identity. Hi, Hq) is independent of the 
choice of g. In fact, g can be chosen from a substantially larger class of functions: 

Proposition 2.3 (Chapter 8.9, Theorem 1 in [l9]). Let Hq, Hi he positive 
definite and Hfi^ — H^'^ trace class for some r > 0. Furthermore let g have 
two locally bounded derivatives and satisfy 

|(A^+^( 7 '(A))'| ^ CA-^-^ as A ^ 00 

for some C,e > 0. Then © holds for g. 


For such admissible functions, it is possible to make a change of variables 

f,{X,Hi,Ho) = sgn{g)f,{g{X,g{Hi),g{Ho)), 

see [in], Chapter 8.11. This is referred to as the invariance principle for the 
spectral shift function. With our choice of Ho and Hi, g[X) := exp(—A) is an 
admissible function, as can be seen via Lemma [221 We also define functions 
Ft : [0, oo) ^ [0, oo) for f > 0 by 

Ft{x) := r (exp(fy^/'^) - l)dy. 

Jo 


Theorem 2.4 (Theorem 2 from [5]). Let ^ be the spectral shift function for the 
pair of operators H^ and H^. 

(i) There is a constant Ki, depending on t such that for small enough f > 0 

rT 

Ft(|^(A|)dA ^ Kie^ < oo. 


I 


t can be chosen to be t := 1/32 in which case Ki ^ 2 • 32*^ • {d + 1)! 
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(a) There are constants Ki, K 2 , only depending on d such that for any bounded 
function f with compact support within (— 00 , 6 ] we have 

J/(A)e(A)dA ^ Kie' + K 2 (log(l + \\f\\oo)f ll/lli. 


We may choose Ki := 2 ■ 32^(d + 1)! and K 2 := 32'^. 


Corollary 2.5. Let g e C°°(M) with g' of compact support within (— 00 , 6 ] such 
that g{H^) — giH^) is trace elass. Then 


( 8 ) Tr[ 5 (i/i^) - g{H^)] ^ 2,2^ \2{d + l)!e' + (log(l + Hff'Hoo))'' \\g‘ 


Proof of Theorem \2.4\ (i) Using the invariance principle for the spectral shift 
function we have 

r FmX,Ht,H^)\)dX= r Ftme-\e-^Fe-^o)\)dX 
J—00 J—00 

rCC 

^e^ Ft{\f{s,e-^Fe-^o)\)ds. 

Je~'^ 

Since the difference = e~^^ —e~^o is trace class, we can apply an estimate 
of [ 6 ] and find using Theorem 12.11 

nCO 'X) 

Fms,e-^\e-^°)\)ds^ Y, hniVes)iFtin) - F^ix - 1)) 

n^l 

Nq 00 pn 

= Y - l)ds + 2 h^niVes) - l)ds 

n=l n=Afo + l 

00 

^ Noie^^o''' _ 1 ) + + 1 ) 2 

n^l 


If we choose t smaller than 1/16 this will be finite. We choose t := 1/32 and 
recall that Nq = 4*^ so that we obtain 

00 

Ft{\f{s,e-^\e-^°)\)ds ^ 4'^(ei/8 - 1) + (^+1) Y 

n^l 



To estimate the second summand we use 

XI pco roo 

Y ^ e-V32xi/ ^. 32^ e-^/”^dy = d • 32'^r(d) = dl ■ 32^ 


and find 



e"-^°)|)ds ^ 4"* + + 1 ) • 32^^^! ^ 2 • 32^ • (d + 1 )! 


To see the very last inequality we have to distinguish between d = 1 where it 
can be verified directly and d = 2,3, ... in which case we use + 1 ^ d + 1. 
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(ii) We use Young’s inequality and dualize the bound from part (i). Ft is 
non-negative and convex with -F/(0) = 0, hence its Legendre transform Gt is 
well-defined and satisfies 

Gt{y) := sup{xy - Ft{x)} ^ y all y ^ 0. 

x^o \ ^ / 

Young’s equality yields yx ^ Ft{x) + Gt{y) and with b := supsupp(/) we find 

J/(A)e(A)dA ^ Ft(|e(A|)dA + JGi(|/(A)|)dA. 

Using part (i), we find that the first integral is bounded by Kie^. For the second 
summand we estimate 

JG(|/(A)|)dA ^ J|/(A)| ^ log(l+J/(A)|) y^^ ^ ^ |l/|l,o)"||/|li. 

□ 


3. Proof of the Wegner estimate 

We will occationally write and = K;,l for notational 

convenience. Note that for all oj e [a;_, all L e Nodd and all j e Z'’*, 

has purely discrete spectrum. Denote the eigenvalues of iLo;,!, by 
enumerated increasingly and counting multiplicities. 

Lemma 3.1. Let ([3]) hold and assume that ui e [u;_, . Then for all i e'N 

with Xi{u) e (— 00 , 6—1] and all 6 ^ 1/2 — we have 

\i{oj + d) ^ \i{oj) + K{6/2y/^ . 

Proof. Let = Ai(a; -I- d)(j)i for all i 6 N. Then 

Aj(w -|- (5) = ^4>i, ■ 

We write F[^+s,l = Huj,l + ( 14 + 5 ,l - 14,l). Note that a;+ -I- 6 ^ 1/2 and 

(9) 14+5,L(a;) - 14 ,l(x) = Yi XBiOt+six - j) - XBujjix - j) 

j 

In the case ([T]) where the single-site potential is the characteristic function of 
a ball, this is a sum of characteristic functions of mutually disjoint annuli of 
width 6, cf. Fig. 1. Each of these annuli contains a ball of radius 6/2, cf. Fig. 2, 
and we find 

14+5,L(a;) - 14,L(a;) ^ Ws/2,l{x) 

where Ws/2,l is the characteristic function of a union of balls of radius 5/2 each 
of which is contained in a different elementary cell of the grid Z'^. In the case 
([ 2 |) where the single-site potential is the characteristic function of a cube, an 
analogous argument holds. 

Restrict now to i such that Xf"(cu) e (— oo,6 — 1] which implies in particular 
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Figure 1. Support of V^j+s — K; in the case dll) of characteristic 
functions of balls as single-site potentials. 


• B{xj,6/2) 


Figure 2. Illustration of the increments V^j+s — K; and the 
choice of the balls B{xj,6/2) in case ([I]). 



Af (a; -I- (5) e (— oo, b]. Then estimate (I3D holds and we obtain via the variational 
characterization of eigenvalues 

Aj(w -|- (5) = 


max 

0sSpan{</)i,...,0i},||0|| = l 


<<?i, + <</>, {Vuj+S,L 


v^,l) 4>) 


> 


^ X lull 1 + <'/>> W5l2,L(t>) 

max {(f), + k{S/2Y^^ 

0eSpan{(/)i,...,0i},||0|| = l 

inf max (6 l4)) + k{5/2)^!^^ 

dimV=i4>eV,U\\ = l 


\i{uj) + K{6/2fl^. 


□ 


We choose J := 2 (^)^, so that the lemma becomes 

\iiuj “t“ (5) ^ -\- As. 

Since we required 5 ^ 1/2 — u;+, this yields the upper bound on e from the 
theorem. Note in particular that this bound is smaller than 1/2. Now we follow 
the strategy used in [S]. Let p e [—1,0]) be a smooth, non-decreasing 

fnnction such that p = —1 on (—oo; —e] and /? = 0 on [e;oo). We can assume 
IIpIoo ^ l/s- It holds that 

X[E-e;E+e](x) ^ p(x - E + 2e) - p(x - E - 2s) 
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for all X e M which translates into 

IE [Tr \x[E-e-,E+e\{Huj,L)W 

^ E [Tr — E + 2e) — — E — 2e)]] 

= E [Tr [p{H^,L -E-2e + Ae)- p{H^,L -E- 2e)]]. 

Lemma 3.2. 

(10) Tr [p - E -2e + 4e)] ^ Tr [p - E - 2e)] . 

Proof, p is a monotonous function, hence we have by the previous lemma 
p{Xi{uj) — E — 2e + As) ^ p{Xi{oj + 6) — E — 2e). 

We expand the trace in eigenvalues 

Tr [p{H^^L - E - 2e + 4e)] = ^ p(Ai(w) - E - 2e + Ae) 

k 

< 2 + 6)-E-2e) = Tr [p{H^+s,L -E- 2e)] . 

i 

□ 


Now let Ae ■= Ae n and N := |A|. The indices which affect the potential 
in Ai will be enumerated by 

A; : {1, ...A^} —> Ae, n >—>■ k{n). 


We define functions which describe how the upper bound in (llUp varies when we 
change one random variable while keeping all the other random variables 

fixed. In order to do that we need some notation. Given u) e 
n e {1,..., A^}, (5 e [0,1/2—a;+] and t e [u;_, w+J, we define e [a;_, 1/2]^'* 

inductively via 



t if j = A:(l) 
ujj else 


t if / = k{n) 

+ 6)) ^ else. 


The function : [cu_,l/2] ^ [cu_,l/2]^'^ is the rank-one perturbation 

of CO in the fe(n)-th coordinate with the additional requirement that all sites 
k{l ),..., k{n — 1) have already been blown up by 6. 

We define 


©n(i) 


Tr 


p (^He (u; 



- E - 2e) 


for n = 1,..., N. 


Note that 


0n(wfc(n)) = 0n-i(wfc(„_i) -h 6) for n = 2,..., N 


and 


0 Ar(wfc(7v) + (5) = Tr [p {Hcj+5,e - E - 2e)] 
0i(wfc(i)) = Tr [p {H^^e - E- 2e)] . 
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Hence we can expand the expectation of the upper bound in (fTOll in a telescopic 
sum 


E [TV [p{H^+&^L -E- 2e)] - Tr [p{H^^L - S - 2e]] 
= E [0Ar(Wfc(7v) + (5) — 0i(Wfc(i))] 

N 

= ^ E [Qn{u}j^(^n) + <5) — 0n(‘^fc(n))] • 

n^l 


Since we have a product measure structure, we can apply Fubini’s Theorem 


E [Qn{^k{n) + <5) 


0n(^^fc(n))] 


r^-\- 

0n(<^fc(n) + 

Juj— 


0n(^fc(n) ) 


Note that for t e [w_, 1/2], 0„ is non-decreasing and bounded. In fact, mono¬ 
tonicity follows from the inequality 

whenever ti ^ t 2 and boundedness is due to the fact that 0 and 1 provide upper 
and lower bounds 

0 ^ ^ 1 . 


Lemma 3.3. Let — oo < oj- < u)+ ^ -l-oo. Assume that p is a probability 
distribution with bounded density and support in the interval [a;_,u;+] or 
[w_,w+) if UJ+ = 00 and let Q be a non-decreasing, bounded function. Then for 
every <5 > 0 


[0(A + ,5) - 0(A)] d^(A) ^ lli/^lloo • <5 [0(a;+ + <5) - 0(a;_)]. 

'k 


Proof. We calculate 

r [0(A + 5)-0(A)]dMA) 

Jk 

J 'w+ 

[0(A + <5) - 0(A)] dA 

UJ— 




/i ||00 


= \\iy^ 


II 00 


= \\iy^ 


fl\\OD 


rul^+S 

ruj— +(5 

0(A)dA- 

0(A)dA 

J UJj^ 

JUJ— 


0(A)dA- 0(A)dA 

to — -|-(5 Juj 

^ k/illoo • b [0(w+ -h 5) - 0(a;_)]. 


□ 


Thus, we find 

[Qii^kii) + <5) - ei{u}k{i))dp{u}k{i))] ^ IW^WoD • 5[0i(w+ -h 5) - 0i(a;„)] 

UJ— 

We will use the results from the previous section in the following form: 


Proposition 3.4. Let Hq := Ha + Vq be a Schrodinger operator with a bounded 
potential Vq ^ 0, and let Hi := Hq + V for some bounded V ^ 0 with support 
in a cube of side length 1. Denote the Dirichlet restrictions to A = by Hq 
and Hi, respectively. There are constants Ki, K 2 depending only on d such 
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that for any smooth function o' : M ^ M with derivative supported in a compact 
subset of (— 00 , b] and the property that g{Hi) — g{HQ) is trace class 

TT[g{H,)-g{Ho)] ^ K,e^ + (ln(l + Hff'Hoo)'') b'lli 

A possible choice is Ki := 2 ■ 32*^ • {d + 1)! and K 2 := 32'^. 

The expression Tr [g{H^) — g{HQ)] is well-defined since Hq and are 
both lower semibounded operators with purely discrete spectrum and only the 
finite set of eigenvalues in supp g' can contribute to the trace. 

Proposition 13.41 implies 

Lemma 3.5. Let 0 < e ^ There is a constant C depending only on d and 
on b such that 

Qn{oJ+ + S)-en{uj-)^C\lnef. 

The constant C can be chosen equal to Kie^ + 2^K2 with Ki,K 2 as in Propo¬ 
sition's^ 

Proof. Let g{-) := pe+ 2 £{-) ■= pi' — iE + 2e)). By our choice of p, g has support 
in (— 00 , 6 ], ll^'lloo ^ lA ||( 7 '||i = 1. We define the operators 

H + 5)) . 

These are lower semibounded operators with purely discrete spectrum and since 
g has support in (— 00 , 6 ], the difference g[Hi) — g^Ho) trace class. By the 
previous Proposition 

0„(a;++,5)-0„(a;_) = TV [pE+ 2 e{Hi) - PE+ 2 e{Ho)] ^ Kie^+K 2 (ln(l + l/e)f . 
We assumed 0 < e ^ thus 1 -I- e ^ and 

ln(l -I- 1/e) = ln(l -I- e) — Ine ^ —21ne = 2|lne| 
and 1 ^ |lne| ^ llnel*^ which proves the Lemma. □ 

Putting everything together yields 

(11) E[Tr[x[E-e,E+e]{Hc.,L)]] ^ + 2'^iP2) ||i^^|loo '-5 |lne|'' 

and bearing in mind that 6 = 2- (^)^^^ we obtain ([4]). This proves Theorem 

Ol 
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